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ABSTRACT 
The rank over GF(p), or p-rank, of the incidence matrix of points and hyperplanes in 
the finite projective geometry PG(t, P'9 is shown to be equal to 
(, )n 
+t- - I  -i-.1. 
t 
This result is obtained by representing the points of the geometry by elements of the 
field K = GF(p 'at+l~) and by representing hyperplanes in terms of linear functionals on 
K expressed in terms of the trace from K to GF(pT'). 
I. INTRODUCTION 
The purpose of  this paper is to obtain a formula for the rank over GF(p), 
or p-rank of  the (0, 1) incidence matrix of points and hyperplanes in a 
finite projective geometry based on the field GF(pn). Such a matrix is 
useful for coding theory purposes and, in this connection, the determi- 
nation of its p-rank is of part icular importance. (See Rudolph [5], 
for example.) 
Representing the points of  a finite projective geometry based on the 
field GF(p ~') by elements of an extension field K of GF(pn), we obtain 
in Section 3 an analytical expression for the (0, 1) incidence relation 
between points and hyperplanes in the geometry in terms of the trace 
from K to GF(p"). Using these results and the property that the incidence 
matrix considered is a circulant matrix, we prove in Theorem 3.1 that 
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122 
FINITE PROJECTIVE GEOMETRY 123 
the p-rank of  the incidence matrix of points and hyperplanes in the 
t-dimensional geometry PG(t, P~9 is equal to 
p+t - -  t 1)~-5 1. 
This was conjectured by Rudolph and has also been proved, using different 
methods, by Goethals and Delsarte [3] and by MacWilliams and Mann [4]. 
II. POINTS AND HYPERPLANES IN PG(t, q), q = p" 
In this section, we first develop a representation of  points and hyper- 
planes in a finite projective geometry based on the field GF(pD in terms 
of an extension field of  GF(p'9. For t >~ 1, the t-dimensional finite 
projective geometry based on GF(p ~) is denoted PG(t, P'9; details of the 
coordinate representation f this geometry may be found in Carmichael [2], 
for example. 
For convenience in notation, let q = p% where p is a prime and n is 
a positive integer. Denote the field GF(q) by F. Let the extension field 
GF(q t~-l) be denoted by K. I f  x is a primitive element of K, then every 
non-zero element of  K may be expressed either as a power of x or as a 
polynomial in x over F of  degree at most t. l f x  i = a0 -k alx + --- + at)i t, 
we may set up a one-to-one correspondence between the element x ~ and 
the vector a = (ao, al ..... at). 
The vector a can be considered as the coordinate vector of a point P~ 
of the geometry PG(t, q). We may thus represent he point P~ by x! 
and write P~ -- (M). I f  c is any element of F, then a and ca represent 
the same point P~. But ca corresponds to the element cx i. Hence (cx ~) 
is the same point as (xg. Since x ~" is a primitive element of F, where 
v ~ (qt+l _ 1) / (q- -  1), then (x i) and (x j) represent he same point if 
and only if i - - jmod v. The v distinct points of PG(t, q) may be thus 
represented as 
(x~ (x 1) ..... (x~-'). 
A hyperplane or (t -- l)-flat in PG(t, q) is the set of all points whose 
coordinates satisfy a non-trivial homogeneous linear equation with 
coefficients from F. Under the correspondence x i = ao " a lx q- ..... ~- a~x ~, 
a hyperplane in PG(t, q) may be represented as the set of all elements 
in the kernel of  a non-zero linear functional from K onto F. That is, 
if f :  K--* F is a non-zero linear functional from K onto F, the set of  
all points (x ~) such thatJ(x u) = 0 is a hyperplane in PG(t, q). 
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Since two non-zero l inear functionals f l  and f2 from K onto F have 
the same kernel if  and only i f fa  = cfa for some non-zero element c of F, 
the equations f , (x  ~) = 0 and f2(x u) = 0 determine the same hyperplane 
if and only i f fz  = cf~ for some non-zero element c o fF .  
A l inear functional on an extension field may be expressed in terms 
of  the trace function. The trace of an element y of K over F, denoted 
TK/F(y) or just T(y) is defined as 
T(y) = y + yq + y'? ~- "'" -~ yV'. (1) 
Corresponding to each non-zero l inear functional f from K onto F, 
there exists an non-zero element /, of K such that 
f (y) = T(/2y) for all y c K. 
This is a consequence of the fact that there are qt~ 1 _ l distinct non-zero 
functionals from K onto F and there are an equal number of distinct 
non-zero functionals of the form T(/2.) for non-zero /, c K. 
Thus a hyperplane of PG(t, q) is the set of  points (x'9 such that 
T(/2 xu) 0 for some non-zero element /~ of K. For  two elements /21 
and /22 of K, the equations T(/2ax u) -- 0 and T(/2.,x u) = 0 determine the 
same hyperplane if and only if/22 = c/21 for some non-zero element c ofF.  
I f /2  = x -i, it will be convenient o denote the hyperplane given by the 
equation T(tzx ~) = 0 by Zi 9 Clearly, Zi  --  Zj  if and only if i - -  j mod v 
and the v distinct hyperplanes of PG(t, q) are 
Zo,Z i  .... ,Zv-1 .  
I I I .  INCIDENCE MATRIX OF POINTS AND HYPERPLANES IN PG(t, q) 
With the notat ion introduced in Section 2, the point Pj is incident 
with the hyperplane Zi  if  and only if T(x-ixO = O. Since T takes on 
values in F, then, defining 
we have 
I 1, F/iJ ~" O, 
ni~ = 1 - [T (x : -9 ]  ' -1,  
if the point Pj is incident with the hyperplane Xi ; 
o therwise( i , j=0 ,1  .... , v - -  1). 
(2) 
The function nij thus expresses the incidence relation between points 
and hyperplanes of PG(t, q) and takes on values in F, namely, the 0 and 
l elements of  F. 
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The v • v matrix N = (ni~) may be taken as the incidence matrix of 
points and hyperplanes in PG(t, q), where q = p~. We shall consider the 
entries of N to be the 0 and 1 elements of the field GF(p), a subfield 
of Gf(q). 
THEOREM 3.1. The p-rank of  the incidence matrix N of  points and 
hyperplanes in PG(t, p~) is" equal to 
p ~t - -1 )  ~ 
t +1.  
PROOF: We shall first show that the matrix N is similar to a diagonal 
matr ix D and then count the number of  non-zero entries of  D. 
Since the entries of N are the 0 and 1 elements of GF(p), we may 
also consider the entries of  N to be elements of  the extension field 
K = GF(p ~(t+l)) and thus the rank of  N over GF(p) is equal to the rank 
of  N over K. 
By definition, N = (n~j), where, from equation (2), 
ni5 : 1 -- [T(xJ-i)] q-1 
= cj - i ,  say. (3) 
If 7'0,7'i ,..., Y~-x are the distinct v-th roots of unity in K, then the 
matrix 
V = 
1 1 
7'0 7'1 
7"0 2 7'i 2 
kT'~ -1 YI~-~ 
9 .. 1 ] 
9 " " 7 'V - -1  
- - -  
7';- l J  
is a non-singular Vandermonde matrix [1]. Now 
VNV = D, 
where 
and 
D = diag(d0, d t ..... dr_l) 
v--1 
d~ = ~ c ,y J  ~ (u = 0, 1 ..... v - -  1). (4) 
k=0 
Thus N and D are similar over K and their ranks, over K, are equal. 
The rank of D is the number of its non-zero diagonal entries. Hence 
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the rank of  N over K and over GF(p)  is equal  to the number  of  integers u, 
0~<u~<v- - l ,  such that du # 0. 
Since x is a pr imit ive e lement of  K and v = (qt+~ - -  1)/(q - -  1), y = x ~-1 
is a primit ive v-th root  of  un i ty  in K and we may take 7~ = Y~ = xU(q-~), 
u= 0,1 ..... v - -  1. Then 
v--1 
du ~ Z CkXkU(q--1)~ 
k=O 
First, for u = 0 
u =- 0, 1 ..... v - -1 .  
v--1 
do = ~ ek = (qt __ 1) / (q - -  1) -= 1 modp,  
k=0 
since the number  of points on a hyperplane in PG(t,  q) is equal to 
(q* - -  1)/(q - -  1). Thus do ~ 0. 
We shall now restrict u such that 1 ~ u ~< v - -  1. F rom equat ions (3) 
and (4), 
V--1 
d,, = ~ {1 - -  [T(xO] "-~} x k~(~-" 
k=0 
v--1 v--1 
= 2 yku(q - -1 ) -  2 [T(yk)lq-1 xku(q-1)"  
k=0 k=0 
The first term above is the sum of  the u-th powers of the distinct v-th roots 
of unity and  vanishes for 1 ~ u ~< v - -  1. Thus 
d,, = --  ~ [T(x~)] ~-1 x/~tq-1), 1 ~< u ~ v - -  1. (5) 
k=O 
Since q - -  1 = (p - -  1 )+p(p- -  l )+ . . .+p '~-a(p - -  1) and  K has 
characteristic p, we have, f rom equat ion (1), 
n-- I  
[T(x'gF-1 = [-[ [x~ ~ + x'J~ + ... + x~qq,~-~. 
J~0 
Expanding each term in the product  by the mul t inomia l  theorem, we have, 
fo r j  := 0, 1,..., n - -  1, 
(p - -  1)! x ~[oj~ (6) 
[x~ + " + x'~'"']~-i = ~ b~oi~fi .= b,!  
b e 
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where the summation is taken over all choices of integers bso, bj~ ..... bit 
such that 
O<~bjn~p- -  1, h=O,  1,...,t, 
and (7) 
b~o-~ b~l + "'" + b i t=p- -  1. 
None of the multinomial coefficients in equation (6) is congruent 
to zero mod p. Then 
[T(xK)I q-1 =- Z "'" Z _(P~z !)~ ... (p  -- 1)! 
b o b,_~ boo! bol! "'" bot !  b,~-l,o! "'" bn - l . t [  
k[boo-~ 'bo lq~'"+butqQ4- ' "+br~ 1 () Con 1 ~ ' " -+b I t pn-lqt] X X - '  " - "  9 
Let S be the set of b, 0 < b < qt+l  _ 1, such that the p-adic represen- 
tation of  b is 
t ~--i 
b = ~ ~ bjhp~q h
h=O j=O 
with 
t 
bjh = p - -  1 ( j=  0, 1 ..... n - -  1). 
h=0 
We note that the above equations yield b ~ 0 mod q -- 1 for b ~ S. 
Let 
n--1 
m~ = I ]  (p - -  1)! 
J=o bjo! bjl! " ' "  b i t !  " 
Now mb is not zero mod p for b c s and 
T(xl")q-1 = 2 mbxl':b" 
beS 
From equation (5), we now have 
v--1 
du ~ - -  2 2 177bXl:b+ku(q 1)
k=O beS 
v--1 
- -2  fFIb 2 xk[b~u(q-1)]" 
b~S k=O 
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As  noted earl ier,  for  b ~S,  b ~ 0 mod q - -  1. Suppose b = l (q  - -  1) 
for  some integer l. Then 
v--1 v - - i  
y '  xklb+~(~-l~] : ~ x k(q-l~v+~], 
k=O ?c=t) 
Since b = l (q  - -  1) and  v(q  
i l (mod p),  if  l + u ---= 0 rood v, 
O, otherwise. 
- -  1) = q ,+ l  1, then 
*-1 t l (mod p),  xk[b+u(q_1)] 
k=o tO, 
i f  b+ u(q-  1) ~ Omodq *+1 - -  1, 
otherwise. 
For  f ixed b e S, there is a un ique integer u, 1 <~ u ~< v - -  1, such that  
b -t- u (q  - -  1) ~ 0 rood qt+l _ 1, 
namely,  that  integer u such that  u(q  - -  1) = qt+l _ 1 - -  b. Hence 
t --rnb ~ 0 mod p if u(q  - -  1) = q~+a _ 1 - -  b for some b e S, 
du = (0, otherwise. 
The number  of  integers u, 1 ~ u ~< v - -  1, such that  du v6 0 is then 
the number  of  e lements of  S. Recal l  that  S is the set o f  integers b of  the 
fo rm 
b = boo + "'" + b,~- l . tP '~- lq ~
such that,  for  each j = O, 1,..., n - -  1, 
O~<b~h~p- -  1, h=O,  1 .... , t ,  
b j0+b~1+ "'" + b~t=p- -  1. 
I f  s is the number  o f  ways of  choos ing t + 1 integers in the interval  
[0, p - -  1] whose sum is p - -  l ,  then the number  of  e lements of  S is equal  
to s n. It  is easy to verify that  s is the coefficient of  p - -  1 in the (real) 
expans ion of  
(1 + x + -.. + x~-l)  ~+1 
and is equal  to 
p + t - -  1). 
t 
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Consequently, the number 
du ~ 0 is equal to 
of integers u, 
(p +,-- l ; . ,  
l ~u~v- -1 ,  
129 
such that 
Since also d o J -  0, the rank of N over GF(p) is equal to 
t +1.  
This completes the proof of Theorem 3.1. 
COROLLARY. For any integer s, the rank, over GF(pS), of  the incidence 
matrix N of points and hyperplanes in PG(t, p'~) is equal to 
t +1.  
PROOF: The rank of N over any field containing GF(p) is equal to the 
rank of N over GF(p), since the entries of N are elements of both fields. 
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